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Abstract

The objective of this work was to model experimental results using the simplest possible mathematical model. Here we

report on preliminary results obtained with a one-dimensional model used for parameter-®tting of experimental combustion

data with an inlet temperature ramp. It was possible to ®t our one-dimensional model with simple power law kinetics to an

experimental curve. It was also possible to use a quasi-steady state model with a computing time about a hundred times shorter

than for a corresponding transient model. # 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

A mathematical model may be very sophisticated,

with many details and highly rigorous from a math-

ematical point of view, but it may also include many

simplifying assumptions. In mathematical modeling

of chemical reactors one usually wants to ®nd the

simplest mathematical model describing the reactor

and the kinetics of the reaction. This means that one

makes a trade-off between the dif®culty to solve the

model and the accuracy of the modeling results. This

is usually necessary since sophisticated models of

chemical reactors often are too dif®cult to solve to

be useful. This problem of simpli®cation, that is to

what extent mathematical models can be simpli®ed for

a given reactor modeling problem, has been studied

for monolith reactors in general by Young and Fin-

layson [1], and Heck et al. [2] and for high-tempera-

ture catalytic combustion monolith reactors in

particular by Groppi et al. [3] and Hayes et al. [4].

In a previous work [5] we used a one-dimensional

transient model for a numerical study of the impor-

tance of the porosity and pore surface area in the

washcoat for the light-off of a high-temperature mono-

lith combustor. It is worth noting that, as discussed in

that paper, for such a study a more rigorous modeling

of the diffusion with reaction in the washcoat is

required than had been used in some previously

published work on modeling of high-temperature

catalytic combustion.

High-temperature catalytic combustion constitutes

a number of problems for research and development

work [6]. The solution to many of those problems may

bene®t from applying mathematical modeling as a

research tool [7,8].
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In attempting to model experimental results from

high-temperature catalytic combustion we have cho-

sen to initially use a one-dimensional model for

modeling the monolith reactor and to use simple

power law kinetics for the chemical reactions. This

paper reports our experiences and preliminary results

in parameter-®tting such a model to experimental data

obtained in this laboratory [9].

2. Model

The one-dimensional model used for parameter

evaluation of the heterogeneous rate constants was

developed in a previous work [5]. Much of the model

formulation follows the earlier work and the details

are therefore not provided here. Unlike the previous

work, the model was expanded to simulate experi-

ments where the inlet temperature to the monolith was

increased linearly with time. This affects the boundary

conditions of the model.

Generally, the model considers the transient state

adiabatic operation of a well mixed plug ¯ow reactor.

The reaction occurs both on the catalyst surface

(including pore diffusion) and in the gas phase. Limit-

ing assumptions invoked in the model formulation

include:

1. negligible accumulation of mass and energy in the

gas phase;

2. negligence of thermal radiation;

3. constant pressure;

4. negligible radial temperature gradients in solid;

5. constant heat and mass transfer coefficients;

6. constant physical properties of monolith and wash-

coat.

The equations in nondimensional form, with emphasis

on the mathematical structure rather than the modeling

details, are as follows:
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where�g, 	 ,�s, �, � are scaled variables representing

the gas temperature, the gas concentration, the solid

temperature, the axial distance and the times, respec-

tively. �1±�10 are constants used in the equations

above. With this model, the conversion as a function

of inlet gas temperature was calculated. The parameter

estimation of the rate constants was approached by

minimizing the sum of the squares of the difference

between outlet conversion of the model and experi-

mental data. Due to the slowly varying increase in inlet

temperature, we made the further assumption in the

data fitting calculations that the system was in a

quasi-steady state by setting (@�s/@�)�0. This was

important for reducing the computer time for solving

the model. After the rate constants were evaluated, the

transient model was used to simulate the experiments

and to see whether the quasi-steady state approxima-

tion was reasonable.

3. Numerical solution method

The model equations (1)±(3), with appropriate

boundary and initial conditions, were solved numeri-

cally by discretization. The space derivative is

approximated with the ®nite difference method

thereby transforming the partial differential equations

(1) and (2) to nonlinear algebraic equations, while (3)

was changed into ordinary differential equations.

Hence, after discretization of the space variable �
we obtained an index-1 differential-algebraic (DAE)

system of equations:

0 � f1��g; 	; �s�; (4)

0 � f2��g; 	; �s�;
d�s

d�
� f3��g; 	; �s�; �s�0� � �s0;

where �g, 	 , �s now are �-dependent vectors. In our

application the accuracy obtained by discretizing the

�-interval (0,1) into N�40 grid points was enough for

our purposes.

Since the DAE-system (4) is stiff, it was solved with

the Euler backwards method, starting from

�s(0)��s0:
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In (5) the variables at time � (n�1) were solved from

the nonlinear system of algebraic equations using a

modi®ed Newton method. The structure of (5) is

sparse; the Jacobian, J, is sparsely banded which is

utilized both when calculating a numerical difference

approximation of J and when solving the linear system

of equations in each iteration. Utilizing the sparsity

structure reduces the execution time considerably. A

reasonable execution time for solving the model equa-

tions (4) on a computer is necessary when performing

parameter estimation in which case (1)±(3) are solved

several times. By using the quasi-steady state assump-

tion the computer time can be further reduced. Instead

of solving the transient case (4), we put �d�s=d�� � 0

and solved a number of nonlinear systems of equations

corresponding to a sequence of boundary conditions of

�g. The parameters were, in this preliminary study,

estimated using a nonlinear least squares routine from

the Matlab library.

4. Experimental

The experimental combustion data were obtained

using a monolithic 10 wt% Cr2O3/Al2O3 catalyst. The

details concerning preparation, aging, and character-

ization have been reported elsewhere [9]. Combustion

of a 1.67 vol% methane in air mixture was studied in a

ceramic tubular reactor. The reactor was placed in a

furnace, programmed for a linear temperature increase

of 28C/min. The air was preheated before being mixed

with the fuel, just upstream of the catalyst. The total

¯ow was 5.7 Nl/min and the data were obtained at

atmospheric pressure. The combustion products were

analyzed on-line using a Balzers QMG 421C quadru-

pole mass spectrometer.

5. Results and discussion

The values of the ®xed parameters used in the

parameter-®tting calculations are given in Table 1.

The effective diffusivity of the washcoat was esti-

mated from pore size distribution data using the

random pore model.

The parameter-®tting calculations for the experi-

ments with a linear inlet temperature ramp were done

with the quasi-steady state model. In Fig. 1 the ®tted

curve according to this model is compared to a

transient model simulation without the quasi-steady

state assumption. The error introduced by the quasi-

steady state assumption is small. Therefore, this

assumption is very valuable since the computer time

for solving the model with the quasi-steady state

assumption is two orders of magnitude less than for

the transient model. This gives very signi®cant com-

puter time savings in parameter ®tting when the model

must be solved hundred or thousand of times.

In Fig. 2 the ®tted curve is compared to the experi-

mental results. The ®tted parameters were the pre-

exponential factor and the activation energy of the

catalytic reaction, and the corresponding parameters

for the homogeneous reaction. However, at this pre-

liminary stage, it was not possible to get the computer

program to converge when ®tting all four parameters.

Instead, we let only the two catalytic reaction para-

meters be ®tted by the program for some combinations

of ®xed parameter values for the homogenous reac-

tion. Since the effect of those parameters on the

conversion is fairly attenuated it was not dif®cult to

®nd the values which gave the rather good ®tted curve

shown in Fig. 2. As a comparison a curve for another

combination of the parameter values for the homo-

genous reaction, which does not ®t well with the

experimental results, is also shown in Fig. 2. This

curve demonstrates the attenuated, but yet signi®cant,

effect of those parameters on the simulation results.

Table 1

Model parameters used in the simulations

Channel length (cm) 2.5

Channel width (cm), square 0.125

Monolith wall thickness (cm) 0.015

Washcoat thicknessa (mm) 17.3

Washcoat surface area (m2/g) 112

Washcoat porosityb (cm3/g) 0.45

Washcoat average pore diameterb (AÊ ) 162

Effective diffusivity of methane (cm2/s) 0.011

Gas velocity at STP (cm/s) 34

aAverage value obtained from washcoat weight and density.
bParameter used in evaluation of effective diffusivity.
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The ®tted parameter values for the two different

homogeneous rate cases are given in Table 2.

Due to the preliminary state of our investigation as

well as the well-known general aspects on interpreta-

tion of parameter ®tting results one should be careful

to draw de®nite conclusions from the results in Fig. 2.

However, as a hypothesis which merits further inves-

tigation, we suggest that this result gives some hints

about the importance of the homogeneous combustion

compared to the catalytic process in a catalytic com-

bustor.

We have further studied the properties of the simu-

lation case corresponding to the ®tted curve in Fig. 2

by calculating the Thiele modulus and the F-ratio

Fig. 1. Comparison between quasi-steady state- and transient model.

Fig. 2. Data fitting of experimental results with linearly increased inlet temperature.
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de®ned in [5], the latter characterizing external mass

transfer. Again the results should be taken as a hypoth-

esis for further investigation. These results are remark-

able since they unexpectedly show that the mass

transfer resistance effects, both pore diffusion resis-

tance and external resistance, are small all over the

reactor, which means that the chemical reaction is rate

determining, for most of the inlet temperatures. Even

for the highest inlet temperatures at the end of the

temperature ramp those mass transfer effects are small

except at the end of the reactor where they increase.

Finally, it is worth mentioning that the simulation

results depend on the boundary conditions especially

at the inlet. Some possible options are to consider the

inlet of the monolith adiabatic or to assume tempera-

ture equilibrium between the inlet of the monolith and

the inlet gas stream, resulting from the effect of

radiation. In the present investigation we used the

latter option.

6. Conclusions

In a ®rst attempt it was possible to ®t our one-

dimensional model with simple power law kinetics to

an experimental curve.

It was possible to use a quasi-steady state model for

simulation of the experiments with a linear inlet

temperature ramp. The computer execution time

was two orders of magnitude less than that for using

a transient model.

As a hypothesis which merits further investigation

the ®tted simulation case gives hints about the

importance of homogeneous combustion. Another

hypothesis suggests that the chemical reaction to a

large extent is rate determining for the catalytic

reaction.

Acknowledgements

We are indebted to Prof. Sven JaÈraÊs for his support.

This work was ®nancially supported by the Swedish

Board for Industrial and Technical Development.

References

[1] L.C. Young, B.A. Finlayson, Mathematical models of the

monolith catalytic converter, AIChE J. 22 (1976) 331±353.

[2] R.H. Heck, J. Wei, J.R. Katzer, Mathematical modeling of

monolithic catalysts, AIChE J. 22 (1976) 477±483.

[3] G. Groppi, A. Belloli, E. Tronconi, P. Forzatti, A comparison

of lumped and distributed models of monolith catalytic

combustors, Chem. Eng. Sci. 50 (1995) 2705±2715.

[4] R.E. Hayes, S.T. Kolaczkowski, J.W. Thomas, J. Titiloye,

Transient experiments and modeling of the catalytic combus-

tion of methane in a monolith reactor, Ind. Eng. Chem. Res 35

(1996) 406±414.

[5] A. Nakhjavan, P. BjoÈrnbom, M.F.M. Zwinkels, S.G. JaÈraÊs,

Numerical analysis of the transient performance of high-

temperature monolith catalytic combustors: effect of catalyst

porosity, Chem. Eng. Sci. 50 (1995) 2255±2262.

[6] M.F.M. Zwinkels, S.G. JaÈraÊs, P.G. Menon, T.A. Griffin,

Catalytic materials for high-temperature combustion, Catal.

Rev.-Sci. Eng. 35(3) (1993) 319±358.

[7] H. Arai, M. Machida, Recent progress in high-temperature

catalytic combustion, Catal. Today 10 (1991) 81±95.

[8] L.D. Pfefferle, W.C. Pfefferle, Catalysis in combustion, Catal.

Rev.-Sci. Eng. 29 (1987) 219±267.

[9] M.F.M. Zwinkels, O. Haussner, P.G. Menon, S.G. JaÈraÊs,

Preparation and characterization of LaCrO3 and Cr2O3

methane combustion catalysts supported on LaAl11O18- and

Al2O3-coated ceramic monoliths, Catal. Today 1424 (1998)

1±10.

Table 2

Fitted parameter values for two different homogeneous rate cases

Case of high homogeneous rate constants Case of low homogeneous rate constants

Eg (fixed)a 167.32�103 (J/mol) 197.44�103 (J/mol)

Kg (fixed)a 2.51�1015 (cm3/mol s) 2.51�1013 (cm3/mol s)

Es (fitted)b 104.87�103 (J/mol) 121.30�103 (J/mol)

Ks (fitted)b 244 (cm/s) 2330 (cm/s)

aHomogeneous activation energy (Eg) and preexponential factor (Kg).
bCatalytic activation energy (Es) and preexponential factor (Ks).
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